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A Comptonized Fireball Bubble Fits the Second Extragalactic Magnetar Giant Flare GRB 231115A
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ABSTRACT

Magnetar giant flares (MGF's), originating from noncatastrophic magnetars, share noteworthy sim-
ilarities with some short gamma-ray bursts (GRBs). However, understanding their detailed origin
and radiation mechanisms remains challenging due to limited observations. The discovery of MGF
GRB 231115A, the second extragalactic MGF located in the Cigar galaxy at a luminosity distance
of ~ 3.5 Mpc, offers yet another significant opportunity for gaining insights into the aforementioned
topics. This Letter explores its temporal properties and conducts a comprehensive analysis of both the
time-integrated and time-resolved spectra through empirical and physical model fitting. Our results
reveal certain properties of GRB 231115A that bear resemblances to GRB 200415A. We employ a
Comptonized fireball bubble model, in which the Compton cloud, formed by the magnetar wind with
high density e*, undergoes Compton scattering and inverse Compton scattering, resulting in reshaped
thermal spectra from the expanding fireball at the photosphere radius. This leads to dynamic shifts
in dominant emission features over time. Our model successfully fits the observed data, providing a
constrained physical picture, such as a trapped fireball with a radius of ~ 1.95 x 10° cm and a high
local magnetic field of 2.5 x 10! G. The derived peak energy and isotropic energy of the event fur-
ther confirm the burst’s MGF origin and its contribution to the MGF-GRB sample. We also discuss
prospects for further gravitational wave detection associated with MGF's, given their high-event-rate

density (~ 8 x 10° Gpc™2 yr~!) and ultrahigh local magnetic field.

Keywords: Gamma-ray bursts; Magnetar giant flares; Radiation mechanism

1. INTRODUCTION

Magnetar giant flares (MGF's) are rare and exception-
ally powerful transient phenomena originating from non-
catastrophic magnetars. They exhibit light-curve struc-
tures consisting of an initial spike lasting tenths of a
second, followed by a much dimmer pulsating tail mod-
ulated by the magnetar’s spin. The tail is only visible
within close proximity, e.g., our Galaxy (Mazets et al.
1979; Barat et al. 1983; Hurley et al. 1999, 2005; Israel
et al. 2005; Strohmayer & Watts 2005; Levin 2006). De-
spite the typical temporal characteristics extracted from
the observed Galactic MGF events, all of them are satu-
rated by the gamma-ray detectors due to the overwhelm-
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ing surge in photon numbers (Golenetskii et al. 1984;
Feroci et al. 2002; Yamazaki et al. 2006). Consequently,
obtaining both well-featured temporal data and the ac-
curate spectral data of MGF has been unattainable, un-
til the first spectrally confirmed MGF GRB 200415A
(Yang et al. 2020; Zhang et al. 2023). This event sug-
gests that MGF's in nearby galaxies could produce short
gamma-ray bust (GRB)-like events and contribute to
at least a subsample of the observed short gamma-ray
bursts (Laros et al. 1986; Atteia et al. 1987; Duncan
2001; Hurley et al. 2005; Lazzati et al. 2005). More-
over, a comprehensive analysis and understanding of the
MGF spectrum is of great importance in order to iden-
tify potential misclassified MGFs in short GRB popu-
lation, which necessitates a validated and fittable MGF
model that effectively accounts for the underlying cause
and radiation mechanism.
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To understand the mechanism of an MGF, various
models involving either internal (Parker 1983a,b) or ex-
ternal (Moffatt 1985; Thompson & Duncan 2001) factors
have been proposed. Radiation transfer models, such as
the “trapped fireball” and “magnetar relativistic wind,”
have significantly contributed to providing clarity on the
aspect of radiation mechanisms (Thompson & Duncan
1995). Subsequently, a composite model involving both
these components was further proposed and developed
in the form of the “Comptonized fireball” (Zhang et al.
2023). In this model, photons from the fireball are up-
scattered and downscattered by the dense et pairs at
the photosphere radius, producing a multicomponent
thermal-like spectrum. This physically derived model
has been used and successfully fitted to the spectra of
the first extragalactic MGF, GRB 200415A (Zhang et al.
2020; Burns et al. 2021; Yang et al. 2020; Svinkin et al.
2021), offering a method to explore MGF spectral data
and gain physical insights into MGF GRBs.

Recently, yet another MGF GRB, 231115A, was de-
tected and initially classified as a short GRB-like event
(Fermi GBM Team 2023). Its MGF origin was later
inferred by the positional consistency with the nearby
galaxy M82 (aka Cigar galaxy; Burns 2023; Mereghetti
et al. 2023a) and subsequent empirical spectral analysis
(Frederiks et al. 2023; Minaev et al. 2023; Wang et al.
2023). This event provides us with an additional oppor-
tunity to conduct an in-depth study of MGF temporal
and spectral properties using the modified Comptonized
fireball model and state-of-the-art fitting tools. Such an
approach will allow us to directly check if the observed
properties can be fitted to the physical model, thus more
directly revealing the physical origins. In this Letter,
we first provide details of data reduction and analysis in
section 2. Empirical and physical model fitting are pre-
sented in section 3. Finally, we summarize and discuss
our results in section 4.

2. DATA REDUCTION AND ANALYSIS

At 15:36:21.201 UT on 2023 November 15 (denoted
as Tp), the Fermi Gamma-ray Burst Monitor (GBM;
Meegan et al. 2009) detected the MGF GRB 231115A
(Dalessi et al. 2023; Fermi GBM Team 2023). Almost
immediately, INTEGRAL (Winkler et al. 2003) was also
triggered by the event (D’Avanzo et al. 2023). Subse-
quently, the positional data indicated alignment with
the nearby galaxy M82, situated at luminosity distance
of ~ 3.5 Mpc (Burns 2023; Mereghetti et al. 2023a).
We retrieved the time-tagged event dataset covering the
time range of MGF GRB 231115A from the Fermi/GBM

Table 1. Summary of the observed properties of MGF GRB
231115A.

Observed Properties GRB 231115A
Too (ms) 55.907% 53

Total spanning time (ms) ~ 79

Minimum variability timescale (ms) ~ 13.95
Spectral index o (CPL) 0.167923

Peak energy (keV) (CPL) 605.5415722
Peak energy (keV) 610.07733%58
Peak flux (ergecm™2s71) 2.027008 x 107°
6.367095 x 1077
2957033 x 10%6
9.32107% x 10"

Cigar galaxy

Total fluence (ergcm™?)
Peak luminosity (ergs™")

Isotropic energy (erg)

Possible host galaxy

(NGC 3034)
Distance (Mpc) 3.5
Event rate density (Gpc™ yr™!) ~ 8 x 10°

public data archive'. Among all 12 sodium iodide (Nal)
detectors, n6, n7 and n8 were selected with the smallest
viewing angles with respect to the GRB source direction.
Additionally, for temporal and spectral analysis, we in-
cluded the brightest bismuth germanium oxide detector,
bl.

We processed the Fermi/GBM data following the stan-
dard procedures described in Zhang et al. (2011) and
Yang et al. (2022). Figure 1 demonstrates that the
event lasts for ~ 79 ms after T, exhibiting consistent
pulse profiles in different energy ranges. Upon ana-
lyzing multiwavelength light-curve pairs in the upper
four panels of Figure 1, we derived spectral lags be-
tween the lowest energy band (10-50 keV) and higher
energy bands (50-150, 150-300, 300-1000 keV), revealing
tiny values of 0.607530 ms, 2.2073:33 ms and 0.50735-30
ms, respectively. We further extracted the Tyy in-
terval of 55.90f{’:3£{’ ms in the standard energy range
of 10-1000 keV, as is depicted in the lower two pan-
els of Figure 1. Following the same energy range,
two Bayesian blocks were recognized by implementing
Bayesian method (Scargle et al. 2013) on the time-
tagged event data. Half of the minimum bin size of these
blocks, 13.95 ms, is regarded as the minimum variability
timescale of this event. Those temporal properties fall
within the expected range for a short GRB, similar to
GRB 200415A (Yang et al. 2020).

Given the consecutive detection of MGF GRBs
200415A (Yang et al. 2020; Zhang et al. 2020; Burns

! https://heasarc.gsfc.nasa.gov/FTP /fermi/data/gbm /daily/
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et al. 2021; Svinkin et al. 2021) and 231115A (Fred-
eriks et al. 2023; Mereghetti et al. 2023b; Minaev et al.
2023; Wang et al. 2023), we calculated the event rate
density (p) for extragalactic MGFs using the formula
%meaX = N = 2, where Q ~ 8 sr, and T ~ 7.5
yr are associated with the Fermi/GBM field of view
and effective operational time. We considered Dy, ~
5 Mpc from Burns et al. (2021) as the maximum dis-
tance for detecting such an event, from which we ob-
tained the maximum volume V... The derived event
rate density (p) is approximately 8 x 10° Gpe™3 yr—1,
slightly surpassing the upper limit of the estimation
(~ 3.8730 x 10° Gpc=2 yr~') in Burns et al. (2021),
given the inclusion of the recent detection of MGF GRB
231115A. This high-event-rate density, combined with
temporal similarities to short GRBs, as summerized in
Table 1, suggests that MGF's could constitute a subset
of short GRBs. Therefore, a comprehensive analysis of
the spectral properties of MGFs is essential to further
identify and understand the nature of such events in ex-
isting GRB archival data.

3. SPECTRAL FIT

Thanks to the high temporal and spectral resolu-
tion of the Fermi/GBM data, we conducted both time-
integrated and time-resolved spectral fits and imple-
mented the Comptonized fireball model to thoroughly
examine the underlying radiation components.

3.1. Empirical Spectral Model Fit

We first performed both time-integrated and time-
resolved spectral fits by adopting two empirical spectral
models, namely cutoff power law (CPL) and blackbody
(BB), over the entire event period, from -18 to 61 ms.
To evaluate the goodness of fit, we examine the reduced
statistic PGSTAT /degrees of freedom (dof), where PG-
STAT (Arnaud 1996) is employed as the likelihood for
Poisson data with Gaussian background, and dof is the
degree of freedom. We conduct the model compari-
son on the basis of Bayesian information criterion (BIC;
Schwarz 1978). The best-fit parameters obtained for
each model within different time intervals are listed in
Table 3.

It is noteworthy that the best-fit low-energy photon
index, «, significantly surpasses the synchrotron “death
line” defined by o« = —2/3 (Preece et al. 1998) and
is generally above zero, indicating that the spectra are
thermal-like. An intensity tracking pattern (Golenetskii
et al. 1983) emerges in the behavior of the peak energy
and the temperature throughout this event, as depicted
in the left panel of Figure 2. The rapid evolution of E,
and temperature in the initial two time slices indicates
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Figure 1. Multiwavelength light curves of MGF GRB
231115A (top panel). The bin size is set to 5 ms for all
light curves. The bottom two panels show the light curve
of Fermi/GBM in the energy range of 10-1000 keV and the
accumulated counts. The red dashed vertical lines repre-
sent the Ty interval. The gray curve corresponds to the
derived Bayesian blocks from time-tagged event data. The
blue dashed vertical lines mark four time slices (as listed in
Table 3) for spectral analysis.

a sudden variation in the emission source. Subsequent
decay evident in the latter two time slices may signify
a cooling phase within the emission region. Such spec-
tral evolution aligns with the characteristics expected
of a rapidly expanding, followed by gradually cooling
fireball-like emission source, prompting us to perform a
physical fit involving a Comptonized fireball model to
explain the observation. This further investigation aims
to understand the origin and radiation mechanism of the
event in detail.

3.2. A Physical Model Fit
3.2.1. The Comptonized Fireball Model
Consider a trapped fireball bubble, formed by photon-

rich pair plasma captured by closed magnetic field lines,
breaking free from its magnetic constraints and undergo-
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ing expansion toward the photosphere radius. Concur-
rently, due to the pressure from photon-pair plasma and
the acceleration caused by the gap potential difference,
a substantial number of e pairs—characterized by high
density and a thermal distribution—propagate along the
magnetic field lines, forming a relativistic wind. Con-
sequently, within the magnetar wind region, these rela-
tivistic e* pairs Comptonize the photons of the fireball,
resulting in the production of high-energy gamma-ray
emissions with a thermal-like distribution.

Under a strong magnetic field condition, the thermal
photons of an expanding fireball undergo two funda-
mental scattering processes: coherent Compton (CC)
and incoherent inverse Compton (IC) scattering. Hence,
the Comptonized fireball model anticipates a modified
thermal-like spectrum characterized by three compo-
nents, each predominantly influenced by the Rayleigh-
Jeans regime, coherent Compton scattering and inverse
Compton process, from the low-energy end to the high-
energy tail. According to Zhang et al. (2023), the ob-
served flux can be written in the form of

... = Fy(ii (ni, ]{:T’, B, o, <93>) + F,}ocbb (k‘T’, oIc, lo),
(1)
where ny, T’ and ajc are the number density of the e®
in the emission region, the thermodynamic equilibrium
temperature in the comoving reference frame, and the
index related to the IC intensity, respectively. [y denotes
the initial radius of the expanding fireball. B, stands for
the local surface magnetic field of the magnetar, which
is assumed to be constant across different time intervals.
In Eq. 1, the parameter (fp) is considered as an effec-
tive incident angle between the photons and the mag-
netic field, serving as an average effect and consolidat-
ing the impact of all possible incident angles g of each
individual photon. As noted in Zhang et al. (2023), in-
formation on the actual values of g as well as their
distributions is limited and may only be viable through
numerical simulation. Thus, Zhang et al. (2023) treat
(0p) as a free parameter and have attempted to ob-
tain some constraints from spectral fitting. However, as
shown in Zhang et al. (2023), (03) is loosely constrained
by comparing the model to data, motivating us to fur-
ther investigate the flux dependence of (65).
Indeed, upon checking Eq. (17) in Zhang et al. (2023),

the only factor involving 65 is f(6p) = (1+ %)—1
(note that kg is the linear superposition of the ab-
sorption factor for O-mode and E-mode photons of the
bremsstrahlung process, and kes is the superimposed
scattering opacity from et plasma. They are both func-
tions of photon energy F). In the left panel of Figure A1,

we plot f as a function of 5 and E and find that, for a

certain energy E, f is almost constant for different val-
ues of Op (right panel of Figure Al). Thus, for a bunch
of photons, the effective (fp) is not sensitive to their
distribution form. For simplicity, in this work, we as-
sumed the photon incident angles, 6, are isotropically
distributed between 0 and w. We then further calculate
the averaged f value by averaging f(6p, E) over those
angles, i.e.,

_Jf65,E)dQ _ [ f(05, E)sinfpdis

(05, B) = :

(2)

Replacing f(0p, F) with (f(05, E)) in Eq.1, we finally
obtain

F

Vobs

Vobs

(kT/v aIc, lO)7 (3)

which can be used to directly fit to the observed data in
§3.2.2.

3.2.2. The Fit

The fitting is performed by utilizing the Python pack-
age, MySpecFit, following the methodology outlined in
Yang et al. (2022, 2023). The modified Comptonized
fireball model with linked parameters B, and [y between
all time slices was effectively employed to fit the ob-
served time-resolved spectra of MGF GRB 231115A. We
also performed a time-integrated spectral fit by fixing B,
and [y to those values obtained from the time-resolved
spectra fits. For all the fits, the prior ranges of the free
parameters are listed in Table 2.

We derived best-fit parameter sets, along with their
associated uncertainties (see also Figure 2), and corre-
sponding statistics detailed in Table 3. The corner plots
of the posterior probability distributions of the param-
eters for the fit are shown in Figure 4. The left panel
of Figure 2 displays the evolution of the best-fit param-
eters. Based on those fits, we present the evolution of
the vF), spectra for different observed times, alongside
the comparison between the observed and modeled pho-
ton count spectra for the time-integrated slice in the left
panels of Figure 2.

3.2.3. The Results and Implications

Examining the PGSTAT /dof values in Table 3, both
empirical models and the Comptonized fireball model
achieve good fits. Notably, the statistical preference
for the Comptonized fireball model, indicated by the
smallest BIC across all time slices, emphasizes its effec-
tiveness. This suggests the robustness of our physical
model in providing a more comprehensive and adequate
description of the observed data in terms of understand-
ing the underlying radiation mechanism. Consequently,
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Figure 2. Left panels: the observed light curve of MGF GRB 231115A and its spectral evolution based on the best-fit parameters
of the Comptonized fireball model, CPL, and BB models, along with the derived flux ratio between the IC process-dominated
Wien spectrum and the entire spectrum in the energy range of 1-10000 keV. The red curve represents IC domination with an
IC flux ratio surpassing 50%, while the blue curve represents CC domination with an IC flux ratio below 50%. Right top panel:
the evolution of the vF, spectra as a function of the observed times corresponding to the time-resolved slices listed in Table 3.
Right bottom panels: the observed and modeled photon count spectra of the time-integrated slice. All error bars mark the 1 o

confidence level.

Table 2. The Prior Ranges for the Free Parameters of the
Comptonized Fireball Model

Parameters Prior
log(ng.) [22.0, 25.0]
kT’ [0.01, 100.0]
log(B.) [14.5, 16.5]
log(lo) (3.0, 6.0]
@ [0.0, 6.0]

it further confirms the MGF origin of GRB 231115A.
The values of best-fit parameters are overall consistent
with the theoretical predictions as detailedly described

in Zhang et al. (2023). Our results highlight the follow-
ing radiation properties of this MGF burst:

1.

n+ is confined within the range of [3.55 x 10?3,
1.48 x 10%4] em~3, corroborating the notably high
density of charged particles in the relativistic wind
attributed to the substantial e* from the magne-
tosphere and the generation of secondary e* pairs.
The abrupt drop of ny from 7j-18 ms to Tp+1 ms
indicates an expansion of the fireball radius, con-
sistent with the estimation in Eq. (3) in Zhang
et al. (2023), considering the same B, across each
time interval. After Tp+1 ms, the number density
stabilizes within a generally constant value, as in-
dicated by the 1-o uncertainty. The latter evolu-



Table 3. Time-integrated and Time-resolved Spectral Fitting of GRB 231115A

Time Intervals CPL Parameters BB Parameters

(t1, t2) (s) o E, (keV)  PGSTAT/dof BIC kT (keV)  PGSTAT/dof  BIC
(-0.018, 0.061)  0.167075  605.54 5+ 77  468.89/463 487.32 119.667532  487.51/464  499.79
(-0.018, -0.008)  0.75753% 4785078143 321.99/463 340.42 115.1675%%9  322.62/464  334.91
(-0.008, 0.001)  —0.33702% 907.55710305  336.11/463 354.54 1447771555 349.98/464  362.27
(0.001, 0.012)  0.32%5%)  573.73733:50.  313.13/463 331.56 119.2871646  316.62/464  328.91
(0.012, 0.061)  0.14%57)  533.27737058%  387.60/463 406.03 96.6171232  391.03/464  403.32
Time Intervals MGPF Parameters

(t1,t2) (s) log(n+) kT (keV) log(Bx) log(lo) fe%te PGSTAT/dof  BIC
(-0.018, 0.061)  24.0370%57  12.73%55%  16.40 (fixed) 5.29 (fixed) 2.837519 467.03/463  485.46
(-0.018, -0.008)  24.1779:36¢ 9 04+1-64 1.54%0 42 321.00/461  334.35
(-0.008, 0.001)  23.557055  15.5279-38 +0.05 o7 4.347 714 336.96/461  350.31
(0.001,0.012)  23.70%937  13.717L23 16-40%020  52-01s 4677957 314.79/461  328.13
(0.012, 0.061)  24.097921  14.797577 3571508 387.96/461  401.30
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Figure 3. The E,, — Ejs correlation diagram. The red,
blue, and gray solid lines represent the best-fit correlations
for Type-1, Type-1I, and MGF populations, respectively. The
yellow dot marks the position of GRB 200415A from Yang
et al. (2020). The purple dot marks the position of MGF
GRB 231115A. All error bars on data points represent their
1 o confidence level.

tion might be caused by the increase of secondary
e* pairs while interacting with the magnetic field
or the injection of the relativistic wind.

2. lp, well-constrained at 1.95 x 10° cm as a linked
parameter in all time slices, provides us with the
radius of the trapped fireball.

3. Using the time-integrated spectra, we constrained
the thermal energy of the expanding fireball in the
comoving frame kT ~ 12.73 keV. By requiring the
value of Rosseland mean optical depth for the E-

mode photons to be unity in Eq. (5) in Zhang
et al. (2023), we can derive the minimal radiation
radius, [, of the expanding fireball as follows:

5 7 KT Bg
T A2 opny ‘mec? By

Ly )72, (4)
where o7 is the Thomson cross section, m, is
the electron mass, c is the speed of light, Bg is
the quantum critical field (Thompson & Duncan
1995), and Bpg is the magnetic field at radius R,
i.e., B = B.(R/Rs)™3. Rs ~ 10° cm. Eq. 4
yields I, ~ 1.09 x 106 cm. We can then further
calculate the value of the bulk Lorentz factor for
the expanding fireball as T' ~ (I,/lg)%/? ~ 13.30.
Utilizing T" and kT, we can estimate the observed
kT.ps = kT’ ~ 169.31 keV. This estimation
aligns with the temperature derived from the aver-
aged BB spectrum, which stands at ~ 119.66 keV,
as listed in Table 3.

. As the model requires small-scale magnetic field

lines intertwining, the increase of line density
could result in the local magnetic field surpassing
10'6 G. The best-fit local surface magnetic field of
the neutron star, B,, yields a value of 2.51 x 1016
G, constrained within prior ranges.

. a¢ is constrained in the range of [0, 6] in the

time-integrated time slice and the first two time-
resolved slices, reflecting the domination of the IC
process in the high-energy spectrum. We con-
ducted a flux ratio estimation between the IC-
dominated Wien spectrum and the entire spec-
trum in the 1-10000 keV energy range, revealing a



significant value in each time slice shown in the left
panel of Figure 2. Similar findings were observed
in GRB 200415A, where aj¢ across all time slices
remains below 6. However, the last two time slices
lack precise constraints even if we set the prior
upper limits to 10. This outcome stems from the
scarcity of high-energy photons, insufficient for a
comprehensive representation of the IC process.
Thus, simply elevating ar;c beyond 6 would not
appropriately account for the last two time slices.

The isotropic energy predicted by the model can be
derived as Eis, = 4mD?% Fops/(1 + 2), where Fups is
the model fluence calculated using the best-fit param-
eters and the time interval. From the time-integrated
vF, spectrum, the peak energy £, is determined to be
610.07738%5 keV, in agreement with E, (CPL) at ~
605.54 75272 keV. The E, and Ei, trace the giant flares
track on the Ep, — Fis, diagram (Amati et al. 2002) in
Figure 3, indicating a broader energetic range for extra-
galactic MGFs, alongside GRB 200415A.

4. SUMMARY AND DISCUSSION

In this Letter, we found that the second observed
extragalactic MGF GRB, 231115A, is similar to GRB
200415A with respect to both temporal and spectral
properties. We further employed a physically driven
model to successfully infer the radiation origin of the
burst. We conducted time-integrated and time-resolved
spectral fits using the Comptonized fireball model, com-
paring it with empirical model fits. Our results reveal
that the observed temperature and peak energy derived
from the physical model align well with those obtained
from CPL and BB models. Notably, the fitting statistics
indicate a preference for the Comptonized fireball model.
Utilizing the best-fit parameters, the Comptonized fire-
ball model predicts local surface magnetic field instabil-
ity, projecting strengths reaching up to ~ 2.51 x 1016 G.
This instability leads to strong magnetic reconnection,
forming the trapped fireball with a radius of ~ 1.95x 10°
cm. Meanwhile, the high-density electrons and positrons
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manifest into a relativistic wind, serving as a Compton
cloud, causing CC and IC scattering of the photons from
the fireball. Initially, the IC process gives rise to a domi-
nant Wien spectrum component, accounting for 75.59%
of the entire flux. Subsequently, both CC and IC pro-
cesses exert significant influence on the spectrum, with
CC dominating the intermediate-energy region and IC
prevailing in the high-energy region. Furthermore, we
determine the £, and Fjy, from the physical model and
place the burst onto the E,, — Ei, diagram, confirming
its physical origin as an MGF.

The successful fit of the Comptonized fireball
model to the spectra of MGF GRB 231115A es-
tablishes a clear and self-consistent scenario to ex-
plain those peculiar bursts. Additionally, our fits in-
dicate relatively higher local magnetic fields (2.5 x
10'® @), increasing the likelihood of detecting grav-
itational waves generated by magnetar oscillations
(Kashiyama & Ioka 2011). This makes MGF GRBs
promising candidates for kilohertz gravitational wave
sources (The LIGO Scientific Collaboration et al.
2022), especially if they can occur within our Galaxy.
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Figure A1l. Left panel: three-dimensional plot of the factor f as a function of energy and incident angle. Right panel: the factor
f as a function of incident angle with different energies. The solid curve represents the factor, while the dashed line represents
the isotropically averaged factor.

APPENDIX

A. THE FACTOR f

Figure A1 displays the three-dimensional plot of the factor f as a function of energy and incident angle, and the
factor f as a function of incident angle with different energies.
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